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Module 3: Teach Students to Intentionally
N Choose from Alternative Algebraic
[ Strategies when Solving Problems

[ |

Module 3 key learning objectives

Participants will understand the three instructional strategies to teach students to
intentionally choose from alternative algebraic strategies when solving problems.

Participants will be able to design activities that support students to intentionally
choose from alternative algebraic strategies when solving problems in their
classrooms: teach students to recognize and generate strategies for solving problems;
encourage students to articulate the reasoning behind their choice of strategy and the
mathematical validity of their strategy when solving problems; and/or have students

evaluate and compare different strategies for solving problems.

Participants will be able to define what successfully teaching students to intentionally
choose from alternative algebraic strategies when solving problems will look like.

Participants will be able to create a plan for collecting data and select data tools that
will give them information about the implementation and outcomes of their planned
instructional strategies.

Participants will be able to discuss and analyze data collected during implementation
and use data-driven insights to inform continued implementation of
Recommendation 3.
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Module overview

Pre-session work Explore module content.

Develop an understanding of the reccomendation and the related instructional

PLC session 1 .
strategies.

. Read and reflect about the recommendation and related instructional strategies.
Between-session work

PLC session 2 Plan for implementing the recommendation.

. Learn about and review data tools.
Between-session work

PLC session 3 Finalize plan for implementing the recommendation.

P R o & Implement the recommendation and collect data.

PLC session 4 Study results using data-driven dialogue.

Continue to implement the recommendation.
Follow-up work
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Introduction to teaching students to intentionally choose
S from alternative solution strategies when solving problems

@ Purpose

Students benefit from learning multiple solution strategies to apply to algebraic problem
solving. Strategies are more general and abstract than memorized algorithms. Learning
multiple solution strategies, and learning how to compare and choose between them, helps
students develop flexibility in solving problems. This recommendation can help students
develop their problem-solving skills beyond the memorization of one approach, allowing
them to extend their knowledge and think more abstractly. Instructional strategies within the
recommendation have been shown to improve students’ procedural flexibility, while also
helping them develop procedural and conceptual knowledge.

Summary of recommendation

To achieve this purpose, the practice guide includes three instructional strategies educators
can implement in their classrooms:

e Instructional Strategy A: Teach students to recognize and generate multiple strategies for
solving problems.

e Instructional Strategy B: Encourage students to articulate the reasoning behind their choice
of strategy and the mathematical validity of their strategy when solving problems.

e Instructional Strategy C: Have students evaluate and compare different strategies for
solving problems.

Based on the research evidence, these strategies are most effective when implemented after
students have some fluency with algebra procedures and strategies. Although this
recommendation promotes the understanding and use of multiple solution strategies, the
recommendation does not advocate that all students be fluent in all possible strategies for
solving a given problem type. Learning alternative strategies can empower students to select
from different options when they encounter a problem. However, to avoid overwhelming
students, be sure to introduce one solution strategy at a time and provide sufficient time to
practice before introducing new strategies.

Solution strategy versus algorithm

Solution strategy. A general approach for accomplishing a task or solving a
problem that may include sequences of steps to execute, as well as the rationale
behind the use and effectiveness of these steps.

Algorithm. A sequence of steps that, when executed in the prescribed order, lead
to the desired or expected outcome.
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A strategy involves a general approach for accomplishing a task or solving a problem. It may
require students to make choices based on the specifics of the problem. Strategies are general
and broadly applicable, making them useful in solving a variety of problems. Conversely, an
algorithm is a sequence of steps that are intended to be executed in a particular order with
little or no flexibility. Students are often taught algorithms designed to accomplish specific
algebraic tasks and, as a result, may think of solving algebraic problems as merely executing a
set of algorithms to arrive at the correct answer. However, this process does not support
developing their conceptual understanding nor their procedural flexibility.

Validity, efficiency, and fit

To intentionally choose between alternative
solution strategies, students should consider the
strategy’s validity, efficiency, and fit.

Toolkit to Support Evidence-Based Algebra Instruction in Middle and High School

Validity: Students must be able to
determine if a strategy is mathematically
valid, or correct, given the problem at hand.
For example, when solving an algebraic
equation, if a student subtracted a non-zero
integer from only one side of the equation,
the solution strategy would not be
mathematically valid.

Efficiency: Students can observe that
strategies vary in their efficiency. A solution
strategy is more efficient if it can be
executed relatively easily, quickly, or
without error, as compared to another
strategy that may be more difficult or more
tedious to implement or that may be more
likely to lead to error.

A note on student preference

Some students may gravitate to a
particular solution strategy, regardless of
its validity, efficiency, or fit, simply
because they are more confident in their
ability to solve the problem when using
it. A student’s sense of confidence,
comfort, and self-efficacy are important
factors for educators to consider when
implementing this recommendation.
Educators should remind students that,
although having a “favorite” solution
strategy is not a bad thing, the practice of
thinking about multiple strategies and
their varying validity, efficiency, and fit
will ultimately help students develop
their skills.

Fit: Considering fit asks students to judge if a given solution strategy is appropriate, given
the structure of the problem at hand. This skill builds on students’ ability to notice the
structure of a given problem, developed throughout Module 2. For example, when solving
a quadratic equation, a student may notice that the values on both sides of the equation
are perfect squares and determine that “taking the square root”—as a solution strategy—is

structurally fit.




Module 3 activities

@ Pre-session work: Explore module content

Complete the following prework to familiarize yourself with Recommendation 3:

1. Each of the resources listed below provides additional information about the
recommendation. Complete one or more of the following to learn more about the
recommendation:

a. Read pages 26-36' in the Teaching Strategies for Improving Algebra Knowledge in Middle
and High School Students practice guide.

b. Read the Module 3 Introduction (pp. 3-4 above or on the Algebra Toolkit website?).
c. Watch the Module 3 video.?

2. Complete the graphic organizer below in advance of PLC session 1, reflecting on the
content you reviewed. Be prepared to share your reflections on these prompts in the first
PLC session.

3. Optional: For more information about the levels of evidence in the practice guide, watch
the Level of Evidence video* from the WWC.

U https://ies.ed.gov/ncee/wwc/Docs/PracticeGuide/WWC_Algebra PG_Revised 02022018.pdf#page=32
2 https://ies.ed.gov/ncee/rel/algebra-middle-and-high-school/module3

3 https://www.youtube.com/watch?v=FLO035gSQKI

4 https://www.youtube.com/watch?v=27poYdVXQUk
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Reflect on module content and connect to your own practice

Rose Bud

What are you currently doing Based on the resources you just
or have you previously done in | reviewed, what new
your classroom related to instructional strategies related

teaching students to choose to alternative solution strategies

between alternative solution might you consider adopting in

strategies? your classroom or using in a
different way?

Thorn

What concerns or worries do
you have about teaching
students to intentionally choose
from alternative solution
strategies or about the toolkit
resources you have reviewed so
far?
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PLC session 1: Develop an understanding of the recommendation

PLC session 1 learning objective

1. Participants will understand the three instructional strategies to teach students to
intentionally choose from alternative algebraic strategies when solving problems.

Session agenda
Activity ‘ Time
Opening reflection: Identifying multiple solution strategies 15 minutes
Reflect and discuss: Accessing educators’ experience 10 minutes
Activity: Exploring the instructional strategies 30 minutes
Next steps 5 minutes

Opening reflection: Identifying multiple solutions strategies

Introduction. This activity is designed to simulate what students may experience when we
ask them to recognize and generate multiple solution strategies for a problem. The facilitator
will provide you with a math problem and, independently, you will try to solve the problem
multiple times, using as many different solution strategies as you can think of. Then, the
group will take turns sharing our solution strategies until we have exhausted all of them and
reflect on the process.

Independent work. Using Handout 3A, solve the problem, generating as many solution
strategies as possible.
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Handout 3A: Identify multiple solution strategies

Copy the problem provided by the facilitator into this space

Solution path Notes on appropriateness

#1

#2

#3
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Discussion e

e Which strategies came to mind immediately or seemed obvious to you? Why?
e Which strategies were more difficult to identify or use for this problem? Why?
e Which solution strategy would you say is most appropriate for this problem? Why?

e What insights about your students’ experience did you gain from the activity? How
might a similar activity benefit or challenge your students?

Notes
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Reflect and discuss: Accessing educators’ experience

Introduction. Recall from the prework that there are three instructional strategies involved
in implementing this recommendation:

e Instructional strategy A: Teach students to recognize and generate strategies for solving
problems.

e Instructional strategy B: Encourage students to articulate the reasoning behind their
choice of strategy and the mathematical validity of their strategy when solving problems.

e Instructional strategy C: Have students evaluate and compare different strategies for
solving problems.

Discussion e

e How do you already incorporate these instructional strategies in your
classroom? What did you have in the “rose” column of your brainstorm?

e What about this recommendation seems promising or interesting to you? How might
students benefit from these instructional strategies? What did you have in the “bud”
column of your brainstorm?

e What questions or concerns do you have about these instructional strategies? What
challenges have you faced, or do you anticipate facing, in teaching students to use
multiple strategies? What did you have in the “thorn” column of your brainstorm?

Notes
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Activity: Exploring the instructional strategies

e Introduction. This activity is focused on exploring the individual instructional strategies.
The purpose is to get a sense of what the instructional strategies could look and feel like in
your classroom setting and begin thinking about different ways you could incorporate
each into your existing instructional strategies and lesson material.

e Independent work. Your facilitator will assign you to use either Handout 3B, 3C, or 3D.
Complete the handout as if you were a student encountering it in class. When you’re
finished with the activity, jot some personal notes in the “reflection” section. Be prepared
to share your reflections with the larger group when you are finished.

Instructional strategy A

Handout 3B: Recognize and generate strategies

Observe the correctly Describe or label each step Identify the strategy the solver used.
solved problem below. the problem solver took.
3(x+4)+2(x+4)=15 e What decisions did the solver
3x+12+2x+8=15 make?
Sx+20=15
Sx=-5
x=-1 e What might you name this
strategy?
3(x+4)+2(x+4)=15 e What decisions did the solver
5(x+4)=15 make?
5x+20=15
Sx=-5
x=-1

e What might you name this
strategy?

Toolkit to Support Evidence-Based Algebra Instruction in Middle and High School 11



Solve the problem using a | Describe or label the steps Identify the strategy you used.
different strategy from you took.
the two examples above.

Reflection. How does this activity address Instructional Strategy A: Teach e

students to recognize and generate strategies for solving problems? How do you
imagine your students would respond to a similar activity?

Toolkit to Support Evidence-Based Algebra Instruction in Middle and High School
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Instructional Strategy B

Handout 3C: Explain and justify chosen strategies

Solve the problem below using a strategy | Check your work.
of your choice.

60 = —4(—6x —3) e Is each step in your solution mathematically
valid? How do you know?

e How can you prove that this answer is correct?

Write your thoughts independently, then be prepared to share with the class.

1. What strategy did you use?

2. Why did you pick this strategy? When you explain your reasoning, consider the below
questions.

a. What did you notice first about the problem structure? How did that influence your
solution strategy?

b. What choices did you have to make in solving this problem?

c. What goal were you trying to achieve?

Toolkit to Support Evidence-Based Algebra Instruction in Middle and High School 13



students to articulate the reasoning behind their choice of strategy and the
mathematical validity of their strategy when solving problems? How do you imagine your
students would respond to a similar activity?

Reflection. How does this activity address Instructional strategy B: Encourage e

Toolkit to Support Evidence-Based Algebra Instruction in Middle and High School
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Instructional Strategy C

Handout 3D: Evaluate and compare strategies

Compare strategies. Review the two solution strategies below. Annotate the steps each solver
took so you understand their thought process.

Evaluate 3a+3b-3a+6b+2a ifa=6andb=9
Student solution 1:
3a+3b—-3a+6b+2a
3(6)+3(9)—3(6)+6(9)+2(6)
18+27-18+54+12
93

Evaluate 3a+3b—-3a+6b+2a ifa=6andb=9
Student solution 2:
3a+3b-3a+6b+2a
9b+2a
9(9)+2(6)
81+12
93

Evaluate the strategies. Discuss the following questions with a partner.

1. What similarities do you notice in the two solution strategies? What differences do you
notice?

2. Are both strategies mathematically valid? Do they both get the correct answer? Will both
strategies always work?

3. Which strategy do you prefer? Why?

Toolkit to Support Evidence-Based Algebra Instruction in Middle and High School

15



How do you imagine your students would respond to a similar activity?

Reflection. How does this activity address the recommended instructional strategy? e

student need to engage in each instructional strategy? How do you know when students
are ready for each instructional strategy?

e What topics would work well with these instructional strategies? When in your
curriculum do these topics come up?

e What do you see as the benefits of these instructional strategies individually?
Collectively?

e How might you use one or more of these instructional strategies or worksheets in your
classroom?

Discussion e
e What skills are these instructional strategies drawing upon? What skills must the

Notes

Toolkit to Support Evidence-Based Algebra Instruction in Middle and High School
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Next steps

O Fill in the date and time for the next PLC session here:

O Complete the between-session work before PLC session 2.

Toolkit to Support Evidence-Based Algebra Instruction in Middle and High School
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Between-session work: Understanding how to implement the
recommendation

To prepare for PLC session 2:

e Read the following handouts and highlight ideas that stand out as potentially useful in your
classroom.

- Handout 3E: Guidance for Implementing Recommendation 3.

- Handout 3F: Discussion Questions and Sentence Starters: Recommendation 3.

Complete the online content knowledge checks and reflection questions.

[E Guidance for implementation

Handout 3E: Guidance for implementing Recommendation 3

Recommendation 3: Teach students to intentionally choose from alternative
algebraic strategies when solving problems.

Recommended instructional strategies:

A. Teach students to recognize and generate strategies for solving problems.

B. Encourage students to articulate the reasoning behind their choice of strategy and the
mathematical validity of their strategy when solving problems.

C. Have students evaluate and compare different strategies for solving problems.

Implementation considerations

Step 1. Consider which units or chapters in your algebra curriculum are well-suited to

Recommendation 3.

Look for units or chapters where students are regularly asked to solve or simplify equations,
expressions, or functions or graph equations. Units or chapters on the following topics may
be well suited to Recommendation 3:

e Equations and expressions.
e Linear functions.
e Systems of equations and inequalities.

e Quadratic functions and equations.

Toolkit to Support Evidence-Based Algebra Instruction in Middle and High School 18



Step 2. Consider at what point in the learning progression it makes sense to introduce
Recommendation 3.

Educators should introduce Recommendation 3 after students have been exposed to the
topic and have some experience solving problems using one strategy. It is valuable for
students to have multiple problem-solving tools in their toolkits, but students may become
overwhelmed by the rapid introduction of multiple strategies. Make sure they have a firm
understanding of one strategy before introducing a second.

e When introducing a new topic:

- Explicitly name the strategy and describe the strategy steps, setting students up to
recognize strategies when they see them in solved problems.

e After students have had some practice with the topic:

- Ask students to compare strategies.
e When students are approaching proficiency with the topic:
- Ask students to choose a strategy and defend their choice.
- Ask students to prove the mathematical validity of their strategy.

- Ask students to evaluate the validity, efficiency, or fit of a given strategy.

- Ask students to generate strategies or identify a strategy they’re already familiar with.

Toolkit to Support Evidence-Based Algebra Instruction in Middle and High School
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Step 3. Consider which resources or instructional materials to draw upon.

e Examples in the practice guide include:

Example 3.1 provides conventional solution strategies and alternative strategies for
several types of algebraic expression and equation problems.

Examples 3.2 and 3.3 demonstrate multiple solution strategies for the same
problem and model labeling solution steps and verifying solutions.

Example 3.5 provides multiple strategies for solving quadratic equations and
includes notes on when the strategy may be appropriate.

Example 3.6 provides multiple strategies for solving linear equations and includes
notes on when the strategy may be appropriate.

e Review your curriculum materials and assessments to identify example questions which

(1) could be solved using multiple strategies and (2) could generate or prompt rigorous

discussion about which strategy is more appropriate.

e Review the additional examples from Module 3 of the Toolkit website to identify

additional resources or sample problems.

e Review appendix E (Common Strategies for Common Algebra Topics) to identify

strategies appropriate to various topics.

Toolkit to Support Evidence-Based Algebra Instruction in Middle and High School
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Step 4. Consider what type of activities would support your students in engaging with
Recommendation 3.

Whole-class instruction may be best suited for:

e Demonstrating or providing direct instruction about a new strategy.

e Demonstrating how to prove mathematical validity or check that the solution is correct.

e Modeling how to review a solved problem and identify the solution steps.

e Modeling asking reflective questions to advance understanding of a given solution
strategy.

Independent practice may be best suited for:

e Reviewing and identifying the steps in solved problems.

¢ Filling in the missing steps of a solved problem.

e Generating a new or alternative solution strategy for a given problem.

e Explaining the reasoning for selecting a given strategy or proving the mathematical
validity of a given solution in writing.

Small-group or pair practice may be best suited for:

e Explaining the reason for selecting a given strategy or proving the mathematical validity
of a given solution via discussion.

e Evaluating or comparing solution strategies via discussion or debate-based activities.

Step 5. Consider what mindsets or beliefs students must have to be successful with this
recommendation.

Explicitly discuss, debunk, or nudge against the following beliefs that students may have:
e There is one and only one right or best way to solve any math problem.

e The best way to solve a problem is the way that the educator uses.

e It doesn't matter how you solve a problem, as long as you get the correct answer.

Toolkit to Support Evidence-Based Algebra Instruction in Middle and High School
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Suggestions for your classroom

For each instructional strategy to teach students to intentionally choose from alternative
algebraic strategies, there are many different classroom activities or exercises you could
plan to support student skill development and engagement. Here, we include a list of
suggestions and activities related to Recommendation 3. These ideas were generated by
educators in the Toolkit to Support Evidence-Based Algebra Instruction in Middle and High
School Design Working Group.

Instructional strategy

Suggestions for incorporating the strategy

A. Teach students to
recognize and
generate strategies
for solving
problems.

1.

Prompt students to label, name, or describe the steps in a
solved problem. This could be conducted as an educator-
facilitated large-group discussion or small-group or individual
practice work. Select solved problems that use common or
familiar strategies, as well as alternative strategies that may be
less obvious to students.

Use pairs or sets of solved problems to demonstrate how
students can use different strategies to solve the same problem.
Prompt students to notice points in the process where the
solvers diverged and emphasize the processes resulted in the
same answer.

Use pairs or sets of solved problems to demonstrate how
students can use the same strategy to solve different problems.
Prompt students to notice similarities and make
generalizations about the strategy, such as in which situations
it would or wouldn’t work.

Provide students with examples that illustrate the use of
multiple algebraic strategies, including standard strategies and
alternative strategies (which may be less obvious).

Provide students with a list of strategy names/descriptions and
a set of example solutions and prompt them to match the
strategy to the solved problem. You could do this activity with
cut-out cards or other manipulatives as an independent or
group activity.

Provide students with a problem solved with one strategy and
challenge them to generate one or more alternative strategies
to solve the problem.

Toolkit to Support Evidence-Based Algebra Instruction in Middle and High School
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Instructional strategy

Suggestions for incorporating the strategy

7.

Provide students with a problem and ask them to solve it in
multiple ways or using multiple strategies.

. Provide students with a partially solved problem and prompt

them to fill in the missing step(s).

Use reflective questioning to build students’ capacity to work
independently. Provide a list of questions that students may
ask themselves to decide which solution strategy they want to
use. Students can draw on this list as they work independently
or in small groups. Alternatively, prompt students to
brainstorm their own list of reflective questions.

B. Encourage students
to articulate the
reasoning behind
their choice of
strategy and the
mathematical
validity of their
strategy when
solving problems.

In an educator-facilitated group discussion, demonstrate
multiple options for the next step in a problem and ask
students to select and justify next steps with answers to the
questions “What are possible ways that we could we go from
here?” and “Which way do you choose? Why?”

Ask students to independently solve a problem and present
their solution strategies to each other in peer pairs or small
groups.

Ask groups of students to collaboratively solve a problem and
present their solution to the whole class.

Prompt students to demonstrate the mathematical validity of
their strategy by providing checks to their solutions.

Provide sentence starters or discussion question prompts to
help students articulate their thinking when discussing
strategies with their peers. Have students describe the
reasoning behind their choice of strategy in writing.

Have students describe the reasoning behind their choice of
strategy in writing.

Toolkit to Support Evidence-Based Algebra Instruction in Middle and High School
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Instructional strategy

Suggestions for incorporating the strategy

C. Have students
evaluate and
compare different
strategies for
solving problems.

1. Provide students with pairs of solved problems using different
strategies and prompt them to identify the similarities and
differences.

2. Provide students with pairs of solved problems using different
strategies and prompt them to identify the pros and cons of
each strategy.

3. Prompt students to brainstorm why one strategy may be
“better” than another or more or less appropriate to use in
certain situations. Emphasize that not all strategies are
appropriate for all problems; different strategies have
advantages and disadvantages, depending on the problem.

4. Facilitate a classroom debate activity, in which individual
students or groups of students work to convince the audience
that their chosen or assigned solution strategy is most
appropriate.

Toolkit to Support Evidence-Based Algebra Instruction in Middle and High School
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@ Supporting classroom discussion

Handout 3F: Discussion questions and sentence starters: Recommendation 3

Reflective questions

e What strategies could I use to solve this problem?
e How many possible strategies are there?
e Of the strategies I know, which seem to best fit this particular problem? Why?

e Is there anything special about this problem that suggests that a particular strategy is or
is not applicable or a good idea?

Discussion prompts for comparing strategies

e What similarities do you notice? What differences do you notice?

e To solve this problem, what did each person do first? Is that valid mathematically? Was
that useful in this problem?

e What connections do you see between the two strategies?
e Did they both get the correct solution?
e Will strategy A always work? What about strategy B?

Discussion prompts for articulating reasoning

e What did you notice first about the problem structure? How did that influence your
solution strategy?

e What strategy is appropriate for solving this problem, and why?
e What choices did you have to make in solving this problem?

e What goal were you trying to achieve?

e How do you know this answer is correct?

e Why can you take that step?

e Could you always take that step? In what situations would it not be valid?
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Sentence starters for group work

e When Ilooked at the problem, I noticed...
e This problem reminds me of...

e [took this step because...

e Iselected this strategy because...

e I’'m confused about...

e (Can you explain your thinking about...?

Toolkit to Support Evidence-Based Algebra Instruction in Middle and High School
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PLC session 2: Plan for implementation of the recommendation

PLC session 2 learning objective

1. Participants will be able to design activities that support students to intentionally choose
from alternative algebraic strategies when solving problems in their classrooms: teach
students to recognize and generate strategies for solving problems; encourage students
to articulate the reasoning behind their choice of strategy and the mathematical validity
of their strategy when solving problems; and/or have students evaluate and compare
different strategies for solving problems.

Session agenda
Activity ‘ Time
Opening reflection 5 minutes
Activity 1: Unpacking an example of Recommendation 3 in the classroom 25 minutes
Activity 2: Planning to implement Recommendation 3 in your classroom 25 minutes
Next steps 5 minutes
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Opening reflection

Introduction. This PLC session will focus on planning how to implement Recommendation 3
in your classroom. This is the Plan phase of the PDSA cycle.

Discussion e
Draw upon your pre-work reflections to share:

e For which algebra topics do you see the most opportunities for incorporating the
instructional strategies for this recommendation? Why?

e How might you have to adjust your implementation of the recommendation based on
the topic?

Notes

Activity 1: Unpacking an example of Recommendation 3 in the classroom

Introduction. In this activity, you will review and discuss an example of a fictional teacher,
Mr. Ruiz, implementing Recommendation 3 in his classroom. This is in Handout 3G. Begin by
reading the “reflect and discuss” questions in the callout boxes. Keep those questions in mind
as you review each section of the lesson example, then discuss your thoughts. Please note that
throughout the handout, context on the lesson or the teacher’s instructions for each lesson
component are included in unshaded text boxes, and the student-facing classwork is
indicated in gray shaded text boxes.

Activity. Review and discuss Handout 3G, completing each of the Reflect and Discuss sections
highlighted in light blue.
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Handout 3G: In the classroom: Recommendation 3
Review the lesson overview and parts 1 and 2 of the lesson; reflect
and discuss:

e What makes this activity a good choice for work students can complete independently at
the beginning of class? What skills or knowledge must students have to complete this
activity independently?

e Why does Mr. Ruiz choose to have students complete the same problem with a different
strategy? What might this accomplish?

e What is the purpose of the discussion questions Mr. Ruiz presents to the students?

Notes
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Lesson overview:

In this example, Mr. Ruiz is teaching a lesson in the middle of a unit about solving systems of
linear equations. In previous lessons, students have been introduced to solving systems of
equations using graphing and substitution. The lesson objective is to support students to (a)
compare the two solution strategies they’re already familiar with, (b) gain a deeper
understanding of when one solution strategy may be more appropriate or efficient, and (c)
justify their reasoning for choosing a specific strategy.

Part 1. Mr. Ruiz distributed an independent work problem for students to complete during
the first 10 minutes of the class period:

Solve the following system of equations by graphing. Identify the point of
intersection. Check the solution by evaluating both equations at the point of

intersection. m
y=2x+3
5
y=x+5
10150 5 10
-5

-10
|

Part 2. Mr. Ruiz reviews the warm-up work with the full class. He then instructs the
students to work in pairs or small groups to solve the same system of equations again using
substitution and discuss the prompts at the bottom of the page.

Solve the system of equations in the warm-up using the algebraic method of
substitution. Check your solution in both equations.

Discuss with your partner:

e What similarities do you notice between solving with substitution and solving
with graphing? What differences do you notice?

e Which strategy do you prefer? Why?
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Review part 3 of the lesson; reflect and discuss: e e
e Why does Mr. Ruiz sequence this activity in this way? What is his goal or
purpose in having the students review and discuss the problems in this order?

e How do the discussion questions support the students in noticing key similarities and
differences in the problem structures? What does Mr. Ruiz want the students to notice?

e What is the value of using solved problems in this activity?

Notes

Toolkit to Support Evidence-Based Algebra Instruction in Middle and High School 31




Part 3. Mr. Ruiz provides students with a set of correctly solved example problems using
both substitution and graphing. He instructs the students to work in pairs or small groups to
compare the solutions and discuss the similarities or differences they notice.

Below are three systems of equations, each of which has been correctly solved by a
student using substitution. Review the students’ work closely to understand their
solution strategies and steps. Then answer the discussion questions with your small

group.

Ricardo’s problem: Lily’s problem: Tabitha’s problem:
y=-2x+9 x=9-2y y=2x—4
y=x-3 3x+5y =20 2y+20x=10
(x—=3)=—=2x+9 3(9-2y)+5y =20 2y+20x=10
3x=12 27-6y+5y =20 2(2x—4)+20x =10
x=4 27-y=20 4x—-8+20x=10

27 =20y 24x-8=10
y=x-3 1=y 24x=18
y=4-3 xzﬁ
y=1 x=9-2y 24
. 3

Solution: (4, 1) x=9-2(7) == 0.75

x=9-14

x=-5 y=2x-4

Solution: (-5, 7) 3
y=2(—)-4
4

6
=——4

Y%
_6_16
YT4 4
-
YTy

5
——Z=-25

Y 2

Solution: (i,—i) or
4" 2

(0.75,-2.5)
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Discuss with your partner:

their approach?

How are they different?

structure relate to the steps the solvers took?

e What choices did the solvers make when solving these problems? Can you explain
¢ What do you notice about these three solutions? What do they have in common?

¢ What do you notice about the structure of the three original problems? How does the

with your small group.

Below are the same three systems of equations, each of which a student has correctly
solved by graphing. Review the students’ work, then answer the discussion questions

Ricardo’s problem:
y=—2x+9

y=x-3

(4.1)

Lily’s problem:
x=9-2y

3x+5y =20
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Tabitha’s problem:
y=2x—-4

2y+20x=10

Discuss with your partner:

¢ Do the students get the same solution by using graphing as they did using
substitution? How do you know?

e What do you notice about these three graphs? What do they have in common? How
are they different?

e Which of these systems of equations would be the most difficult to solve by graphing?
Which would be the easiest? Why?
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discussion?

e Why does Mr. Ruiz sequence the discussion in this order (Lily, Tabitha, Ricardo)? What
debate and what insights does he hope to generate with each student’s example?

e What is the value of asking for a student with the opposite opinion to explain their
reasoning?

e What skills does Mr. Ruiz expect students to use to select their solution strategy and
solve the problem? How did the previous activities prepare students to complete this
task?

Review parts 4 and 5 of the lesson; reflect and discuss: e @
e What is the value of facilitating this part of the lesson as a whole-group

Notes

Part 4. Mr. Ruiz facilitates a full-class debate about which strategy is more appropriate and
efficient for each question.

Discuss with the full class:

e Let’s look together at Lily’s problem and compare the two solution strategies. Which
strategy do you think is the most appropriate for this problem? Why? Can we hear
from someone with the opposite opinion? Why do you disagree?

e Now let’s look together at Tabitha’s problem and compare the two solution
strategies. Which strategy do you think is the most appropriate for this problem?
Why? Can we hear from someone with the opposite opinion? Why do you disagree?

e Lastly, let’s look at Ricardo’s problem. Which strategy do you think is the most
appropriate for this problem? Why? Can we hear from someone with the opposite
opinion? Why do you disagree?
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Part 5. Mr. Ruiz gives the students a new system of equations problem and asks them to
solve it using the strategy of choice. He tells students to be prepared to justify their answers
and explain why they picked their solution strategy to the whole class.

Solve the system of equations using your strategy of choice. Check your solution in
both equations.

x=—1-2y

3x+5y=-1

Be prepared to share:
e Which solution strategy did you pick? Why?

e What did you first notice about the problem? Is there anything in the problem
structure that influenced your decision?

e What choices did you have to make while solving this problem?

e How do you know your answer is correct?

Discussion

After completing the activity, the whole group will discuss:

What instructional strategies from Recommendation 3 did Mr. Ruiz employ?
What instructional strategies from earlier recommendations (1 and 2) did he employ?
How did Mr. Ruiz’s use of the instructional strategies enhance student learning?

Why might Mr. Ruiz have chosen to compare graphing and substitution? Are there other
strategies for solving systems of linear equations he could have introduced or used in
this lesson?

Are there any changes you would make to the lesson? What might you do differently?

O

Notes
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Activity 2: Planning to implement Recommendation 3 in your classroom

Introduction. Use the PDSA Tool to plan for how you will incorporate
Recommendation 3 into your instruction in an upcoming lesson or series
of lessons. Recall that a PDSA cycle is a four-phase cycle of inquiry used
by practitioners—such as educators, school leaders, and school staff-to
continually improve their practice. During PDSA cycles, practitioners
PLAN small changes to their practice; implement or DO those new
practices; STUDY data collected about whether they are contributing to
intended outcomes; and ACT on what they learn from the data about whether to continue
with the practice or try additional small changes.
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Handout 3H: PDSA Tool - Plan phase part 1

Planning instructional strategies

To plan for how you will incorporate Recommendation 3 in your classroom, complete
questions 1 and 2 of the PDSA Tool below. Use your between-session work, including
Handout 3E, as your guide. You may also reference examples from the toolkit and practice
guide for ideas on how to implement the recommendation.

How will you incorporate Recommendation 3 into your instruction?

1. Identify Recommendation 3 instructional strategies to implement.

a. What instructional strategies will you implement and study during this PDSA cycle?
Describe one or two strategies that you plan to try in your classroom as you
implement Recommendation 3.

b. Why did you choose these instructional strategies?
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2. Describe how you will implement the instructional strategies into a lesson or series of
lessons.

a. How will you use or adapt your curricular materials as you implement the
instructional strategies? Include the name, date, and/or number of the lesson plan or
series of lessons you are using.

b. When will you incorporate the instructional strategies (beginning/middle/end of
lesson/throughout lesson)? How often will you incorporate them (in how many lessons)?

c. What mode(s) of instruction will you use to incorporate the instructional strategies
(e.g., whole-group discussion, small-group/pair work, independent work)?

d. What materials or resources, including those from the toolkit, will you use as you
implement the instructional strategies?
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Discussion
After completing the activity, the whole group will discuss:
e What is one thing that stands out from today’s session?

e What is one great idea you heard from a colleague today?

O

Notes

Next Steps

O Fill in the date and time for the next PLC session here:

O Complete the between-session work before PLC session 3.
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@ Between-session work: Planning how to use data
tools to improve instructional practice

Review data tools

e Review each of the data tools. There is a summary of each tool listed
below, and the full tools are located in appendix D. For each data
tool, be prepared to share (a) how you plan to use the data tool in
your classroom and (b) how and to what extent you believe the data tool will be useful.

e Complete questions 3 and 4 of the Plan phase section of the PDSA Tool (Handout 3I). Bring
your completed Plan phase to PLC session 3 to discuss and get feedback from colleagues.

e In addition, bring the associated lesson plan(s) to PLC session 3, during which you will
implement Recommendation 3.

Data tools

e Implementation data tools:

- Educator self-reflection tool® (appendix D1). The educator completes a short,
written reflection after using their planned instructional strategy in the classroom.
Educator self-reflection tools provide opportunities for you to reflect on your
implementation of instructional strategies aligned with each recommendation to help

understand how well your implementation aligned with what you had planned. This
understanding will help you better interpret student outcomes as they relate to your
instructional strategies.

- Visitation tool® (appendix D2). The educator asks a colleague or administrator to visit
a lesson in which they use an instructional strategy from the toolkit. The visitor records
their observations and shares them with the educator after the lesson. Classroom
visitation tools provide a structured framework for observing classroom instruction
and gathering data on implementation of the recommendations.

e Outcome data tools:

- Student survey’ (appendix D3). Educators administer this short survey to a class of
students or to a smaller subset of students (e.g., educators may want to select students
they feel represent the variety of students in their class, or they may want to focus on
students that are coming into the unit with lower levels of prior algebra knowledge)
following a lesson in which they used an instructional strategy from the toolkit. Student

surveys allow you to learn about students’ perceptions of how the instructional

7 https://ies.ed.gov/ncee/rel/algebra-middle-and-high-school/pdf/Module_3_Student Survey.pdf
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strategies you use have helped improve their math ability and learning, as well as their
engagement and mindset in math class.

- Student knowledge assessment tool® (appendix D4). The educator administers this
knowledge assessment to a class of students following a lesson in which they used an
instructional strategy from the toolkit. Student knowledge assessment tools provide
rubrics and implementation templates to assess students’ mastery of the content as you
implement new instructional strategies within each module. These are designed to
supplement data you already collect in your classroom, such as exit tickets, quizzes, or
tests.

- Data that educators already collect within their classroom, such as exit tickets,
quizzes, or tests.
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Handout 31: PDSA Tool - Plan phase part 2

Planning to collect data about implementation and outcomes

Complete questions 3 and 4 of the PDSA Tool. Be prepared to share your responses and any
questions you may have in the next PLC session.

What will successful implementation of the instructional strategies aligned with
Recommendation 3 look like for you and your students?

3. Define what successful implementation of your planned instructional strategies for
Recommendation 3 would look like.

a. Which teacher actions will indicate that you have successfully implemented the
instructional strategies?

b. Which student actions will indicate that your students are engaged with your
instructional strategies?

4. Choose at least two data tools, including one that will give you information about your
implementation and one that will give you information about student outcomes.

a. Instructional Strategy #1:

i. Which data tools will you use to collect data that will give you valuable
information about implementation?
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ii. Which data tools will you use to collect data that will give you valuable
information about outcomes?

iii. Why did you choose these data tools?

b. Instructional Strategy #2:

i. Which data tools will you use to collect data that will give you valuable
information about implementation?

ii. Which data tools will you use to collect data that will give you valuable
information about outcomes?

iii. Why did you choose these data tools?
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When and how will you use each data tool?

Consider which specific questions from your chosen tools would be most appropriate for
measuring the teacher and student actions that indicate successful implementation. Below,
list the numbers of the specific questions from the tools that you will use.

Instructional Strategy #1

Implementation data tool(s)

Data tool(s): When and how I will use the tool(s):

Question number(s):

Outcome data tool(s)

Data tool(s): When and how I will use the tool(s):

Question number(s):
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Instructional Strategy #2

Implementation data tool(s)

Data tool(s):

Question number(s):

When and how I will use the tool(s):

Outcome data tool(s)

Data tool(s):

Question number(s):

When and how I will use the tool(s):
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PLC session 3: Finalize plan for implementation of the
recommendation

PLC session 3 learning objectives

Participants will be able to define what successfully teaching students to intentionally
choose from alternative algebraic strategies when solving problems will look like.

. Participants will be able to create a plan for collecting data and select data tools that will
give them information about the implementation and outcomes of their planned
instructional strategies.

Session agenda
Activity ‘ Time
Opening reflection 20 minutes
Activity: Data tools reflection 25 minutes
Closing reflection 10 minutes
Next steps 5 minutes
Opening reflection

Introduction. Review the Plan phase section of your PDSA Tool and the
associated lesson plan in which you will incorporate the instructional
strategies. Record the following on sticky notes:

e One aspect of your plan you are excited about and feel confident
implementing.

e One aspect of your plan you are unsure about and would like
colleagues’ feedback on.

Toolkit to Support Evidence-Based Algebra Instruction in Middle and High School 47




Discussion

Notes
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Data tools reflection

Introduction. Think back to your process from the first two modules and reflect on your
experience selecting a data tool and collecting data.

Discussion e
e Which data tools did you choose to use in Modules 1 and 2?

e How did your data collection process go? What was challenging and what was
successful?

Notes

Pairs activity. Work in pairs to refine and finalize your Plan. Discuss the following questions
with your partner and make revisions directly on your Plan (Worksheet 3]).

e Do you plan to use the same data tool for Module 3 as you did for previous modules?

e If yes, what do you like about it? What, if anything, could you do differently this time to
make the information even more valuable or actionable?

e If no, why not? What are you hoping to accomplish with a different data tool?

e Does your selected data tool give you valuable information about the implementation
and/or outcomes of the instructional strategies, based on what you would like to learn?

o Is it feasible to collect these data, given your daily responsibilities?

e How might you revise your data collection plan to make it more feasible or help you better
learn about the success of your implementation?
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Closing reflection

Discussion

e Has your perspective on the data collection tools shifted or evolved since
Module 1? If so, how?

e What have you learned from the data tools or from the PDSA process?

e What is one pressing question or realization you have after today’s session?

O

Notes

Next steps

O Fill in the date and time for the next PLC session here:

O Complete the between-session work before PLC session 4.
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collect data

@ Between-session work: Implement the recommendation and

Over the next two weeks...

Implement your planned instructional strategies.

Review and finalize your plan for implementation and data collection
based on colleagues’ feedback from PLC session 3.

Implement your planned instructional strategies during a lesson or
series of lessons according to the plan you laid out in the Plan phase
section of PDSA Tool.

Collect data using one or more data tools.

Use the data tools (appendix D) you have identified to collect data.

Take notes about what happened when you implemented your planned instructional
strategies in the first section of the PDSA Tool (Handout 3]).

If you plan to complete the visitation tool, schedule a pre-visit conversation with your
visitor before the visitation.
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Handout 3J: PDSA Tool - Do phase

Implement the recommendation

Implement the recommendation using your planned instructional strategies, take notes,
and collect and record data from the implementation and outcome data tools.

e Implementation data tools:

- Educator self-reflection tool. The educator completes a short, written reflection
after using their planned instructional strategy in the classroom.

- Visitation tool. The educator asks a colleague or administrator to visit a lesson in
which they use an instructional strategy from the toolkit. The visitor records their
observations and shares them with the educator after the lesson.

e Outcome data tools:

- Student survey. Educators administer this short survey to a class of students or to a
smaller subset of students following a lesson in which they used an instructional
strategy from the toolkit.

- Student knowledge assessment tool. Educators administer this knowledge
assessment to a class of students following a lesson in which they used an
instructional strategy from the toolkit.

- Data that educators already collect within their classrooms, such as exit tickets,
quizzes, or tests.
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5. Record low-inference notes about what happened when you implemented the
instructional strategies. (Only one set of reflection notes is needed, even if implementation
occurred over several days).

Low-inference notes are notes that document what happened, without jumping to conclusions as to why.
You can consider using this space to document any context on what was happening in your classroom on
the day(s) you implemented the instructional strategies (e.g., “schedule adjustment occurred after learning
students were coming from lunch rather than ELA”) in addition to capturing notes on if and how you
deviated from your implementation plan (e.g., “5 students were absent; I made 4 small groups rather than
the 5 groups I intended to use”).

Notes

After finishing your data collection, in preparation for PLC session 4...

4n,

Study

Independently study your data.

e Study your implementation data for the instructional strategies
aligned with Recommendation 3 (questions 6 and 7 in Handout 3K).

e Study your outcome data for the instructional strategies aligned with
Recommendation 3 (questions 8-10 in Handout 3K).

e Come to PLC session 4 ready to share reflections and responses to '
these questions.
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Handout 3K: PDSA Tool - Study phase

Review what you’ve learned

What did you learn from implementing the strategies?

Record results from the data tools and the specific questions you identified in Plan step 4.

Results from your implementation data tool(s): Review your data as suggested below. Then,
use your data to answer the reflection question in the next box.

e Educator self-reflection tool: Review your responses to the self-reflection questions.

e Visitation tool: Review your visitor’s responses and notes on the visitation tool.

6. Summarize. Summarize the results from your implementation data tool in
one short paragraph below.

7. Study data about implementation. Review the data you collected in the Do phase and
study the data using the following prompts:

a. What teacher or student actions did you see (from the educator self-reflection tool,
visitation tool, or student survey)?
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b. What teacher or student actions did you see (from the educator self-reflection tool,
visitation tool, or student survey)?

c. How do the actions compare with how you defined successful implementation in the
Plan phase?

d. If different, why do you think this is?

e. Did your implementation data indicate that implementation went well? Why or why
not?

f. What aspects of implementation could be improved?

g. What additional data would help you confirm your explanations? How might you
collect those data in the future?
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Results from your outcome data tool(s): Summarize your results using your own tools or the
optional tools provided below. Then, use your summarized results to answer the reflection
questions in one of the two boxes below. Note that the reflection questions for the student
survey are different from the reflection questions for the knowledge assessment and
classroom data.

e Student survey part 1 - Math learning survey template (Module 3). Use the
template provided® to enter data from your student surveys on the recommendation.
The template will then automatically create a data summary of the responses. Use that
summary to answer the questions in the next section of this handout.

e Student survey part 2 - Math class engagement survey template. Use the template
provided'° to enter data from your student surveys on math class engagement. The
template will then automatically create a data summary of the responses. Use that
summary to answer the questions in the next section of this handout.

e Student knowledge assessment tool (Module 3). Grade your students’ knowledge
assessment and enter data into the template provided." The template will then
automatically create a data summary of the responses. Use that summary to answer the
questions in the next section of this handout.

e Data that you already collect within your classroom, such as exit tickets, quizzes, or
tests. Grade your students’ exit tickets, quizzes, or tests. Then write a short response to
each of the questions in the next section of this handout.

8. Summarize (student survey only (part 1 and/or part 2)):

a. Which survey questions had the highest percentage of students reporting S
that they agree or strongly agree?

b. Which survey questions had the highest percentage of students reporting that they
disagree or strongly disagree?

3_Math_Class_Engagement Student Survey Data Collection Template.xlsm
U https://ies.ed.gov/ncee/rel/algebra-middle-and-high-
school/xls/Module_3_Student Knowledge Assessment Data_Collection Template.xlsm
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9. Summarize (student knowledge assessment or classroom data):

a. What was the average and/or median score?

b. What percentage of students were proficient or above in the math skill that your
assessment measured?

c. Was this percentage greater than the percentage of students who were identified as
developing and the percentage of students who were identified as approaching
proficiency?

d. Were there any assessment questions on which a high percentage of students scored
poorly? If so, which question(s)?
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10. Study data about outcomes. Review the data you collected in the Do phase and study
the data using the following prompts:

a. What student outcomes did you see (from the student survey or student content
knowledge tool)?

b. How do these outcomes compare with how you defined success in the Plan phase?

c. If different, why do you think this is?

d. Did the outcome data indicate that you achieved the student learning outcomes you
wanted? Why or why not?

e. What aspects of student learning related to the Recommendation do you need to
keep working on?

f. What additional data would help you confirm your explanations? How might you
collect those data in the future?
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PLC session 4: Study results using data-driven dialogue

PLC session 4 learning objective

1. Participants will be able to discuss and analyze data collected during implementation
and use data-driven insights to inform continued implementation of Recommendation 3.

Session agenda
Activity ‘ Time
Opening reflection 5 minutes
Data discussion 25 minutes
Summary discussion 5 minutes
Reflection: Act phase 20 minutes
Next steps 5 minutes

Opening reflection

Introduction. Share how your implementation and data collection went for you.

Discussion
e How did your instructional strategies play out in the classroom? How did
students respond?

e What went well? What was challenging?

Notes
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Data discussion

Introduction. In this activity, you will work in pairs. Please spend
half the time focusing on the first presenter’s data, then switch. The
presenter should briefly share an overview of their implementation.
Then, collaboratively examine the data and the presenter’s responses
to the Study handout—Handout 3K—to answer the discussion
questions.

being implemented effectively?

e What do the data suggest about student learning outcomes that are being achieved?

e What do the data suggest about how you should revise implementation to improve
student outcomes?

Discussion e
e What do the data suggest about aspects of the instructional strategies that are

e What do the data suggest about how you should revise implementation of the strategies?

Notes
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Reflection - Act phase

Introduction. In the Act phase, you will create a high-level plan for
continuing to refine your implementation strategies for

Recommendation 3. Begin completing Handout 3L and feel free discuss
with a colleague.

Handout 3L: PDSA Tool - Act phase

Use and refine the strategies

How will you continue to refine and implement Recommendation 3 in the future?

11. Based on insights from the Study phase, how will you continue to use and refine the
instructional strategies related to Recommendation 3 in the future? What, if anything,
will you change next time you use these instructional strategies?

12. What toolkit resources will you review or draw upon to support your revisions? How will
you use these resources?

13. Which colleague(s) might be able to support you as you work to refine your use of
instructional strategies related to Recommendation 3? What supports from these
colleagues would be helpful?
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14. How will you measure whether the refinements you have made have resulted in
improved instruction and student learning?

Closing reflection

from alternative algebraic strategies? Discuss details about what went well with your
instructional planning, how your instructional strategies played out in the classroom,
and how students responded.

e What was challenging about teaching students to intentionally choose from alternative
algebraic strategies?

e How will you continue to use and refine the instructional strategies related to
Recommendation 3 in the future?

e What supports or resources will you tap into as you continue to refine your use of these
instructional strategies?

Discussion e
e What went well when you focused on teaching students to intentionally choose

Notes

Next steps

O Complete the follow-up work.
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Follow-up work: Begin new cycle of implementation

Congratulations on completing your Module 3 PDSA cycle! Now you can
refine your instructional strategies regarding using alternative solution '

strategies in your instruction. The full PDSA Tool® is available for

download on the Algebra Toolkit website or you can complete the
individual sections using the handouts. Using your completed Act phase
section of Handout 3L, create a new plan for implementation using the

PDSA Tool based on the data-informed revisions you noted above and
continue a new cycle of implementation.

As you continue to integrate Recommendation 3 into your teaching, consider what supports
you need from your PLC members and other members of your school community. This might
involve scheduling collaborative planning or visitation time with PL.C members to discuss how
to incorporate Recommendation 3 into lessons, share successful strategies, and observe each
other’s implementation. You also might solicit feedback from administrators, colleagues, and
students on the effectiveness of your implementation of Recommendation 3, using some of
the data tools in appendix D1, D2, and D3, and structuring more uses of the student
assessment tools in appendix D4. Continue to draw from the guidance for implementation
shown in Handouts 3E and 3F to identify approaches to teaching students to intentionally
choose from alternative algebraic strategies.

Please note that you should aim to complete multiple PDSA cycles for Recommendation 3 within
this current school year. As you move into Module 4, you can continue to use strategies from all
three previous modules in your classroom planning and instruction. The practice guide highlights
that the recommendations can be used together and that you can also use a practice from one
recommendation to implement another recommendation. Feel free, however, to complete these
cycles when it is feasible for you considering your schedule, curriculum, and progression through
the other toolkit modules.

12 https://ies.ed.gov/ncee/rel/algebra-middle-and-high-school/pdf/PDSA_Tool.pdf
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@ Appendix D - Data Tools - Module 3

Appendix D1 - Educator self-reflection tool

This tool is designed to help you reflect on your use of instructional strategies that align with
the recommendation. It will help you answer the question “To what extent have I
implemented my planned instructional strategies for Module 3 as intended?” Understanding
how your actual implementation might differ from your original plans—or from the
recommendations themselves—is important. This understanding can help you interpret
student outcomes (e.g., math achievement or engagement) as they relate to your instructional
strategies. For example, if students do not demonstrate understanding of the material, you
can use information about your implementation to inform next steps; you may reattempt the
same strategies with some implementation adjustments or you may try a new set of strategies.

Please refer to your original plans for implementing Recommendation 3 in your classroom.
This includes the Plan phase section of the Plan-Do-Study-Act (PDSA) Tool (Handout 3H) and
may also include lesson plans and/or student-facing materials that you developed to
incorporate your planned instructional strategy.

1. Did I incorporate the instructional strategies I planned in the same number of lessons as
originally planned? If not, how did my implementation differ from my plan and why?

2. Did I use the instructional strategies as frequently during the lesson(s) as planned? If not,
how did my implementation differ from my plan and why?

3. Did my method(s) of instruction (whole-group discussion, small-group/pair work,
independent work) align with my original plan? If not, how did my method(s) differ from
my original plan and why?
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4. Did I use or adapt my curricular materials in a way that aligns with my original plan? If
not, in what ways did my use differ from my original plan, and why did it differ?

5. Did I use the materials or resources that I planned to use? If not, which materials or
resources did I use, and why did they differ from my original plan? To what extent did
the materials or resources I used align with the recommended instructional strategies
from Module 3? (For example, did I use any materials or resources from the toolkit or
practice guide?)

6. Overall, how well did I adhere to my original plan? Did my implementation differ from
my plan in other ways (not described above)? If so, how did my implementation differ
from my plan and why?
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@ Appendix D2 - Module 3 visitation tool

Purpose:

Use this visitation tool to gather feedback from a colleague on your implementation of
instructional strategies aligned with Recommendation 3.

This tool will provide you with data you can use within the PDSA cycle as you implement
toolkit strategies in your classroom and study the effects on your instructional practice and
student learning.

This tool can also provide the visitor with useful insights to apply to their own classroom
practice or their work supporting other educators as they implement toolkit strategies.

Pre-observation tips:

1.

Select a visitor who has participated in the professional learning community (PLC) sessions
on the Algebra Toolkit and is interested in participating in collaborative learning and
reflection about implementation of toolkit strategies. The visitor can be a peer educator or
administrator.

Work with the visitor to schedule a time to observe one or two lessons or a series of short

walkthroughs during which you will implement toolkit strategies. If scheduling is difficult,
you may want to video-record lessons so your visitor can view them asynchronously (with
appropriate parental permissions for filming students).

You and your visitor should engage in one pre-visit conversation so that your visitor
understands your plans and goals for the lesson(s) they will observe. Use the outline below
to guide this conversation and capture notes before any visits. The conversation should
take about 15-20 minutes.

Pre-visit conversation

o Educator shares. Describe the planned instructional strategies that you will implement in each
lesson. In the rubric, identify the categories that your planned strategies fall into. Review these rubric
categories together.

e Visitor asks. In what ways do you plan to incorporate the strategies in each observed lesson?
- When will you incorporate the strategies: beginning/middle/end of lesson/throughout lesson?

- In which mode(s) of instruction will you incorporate the strategies: whole-group discussion, small
groups/pairs, independent work?

e Review materials. Together, review the materials or resources you will use as you implement the
strategies.

e Visitor asks questions as needed.

e Confirm next steps, including lessons to be visited, planned strategies, and rubric and notes form
visitor should use during the visit (see below).
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4. The visitor should plan to take notes during each visit using the space above the rubric.
The visitor should record what they see the educator and the students doing regarding the
planned strategies. After the final observed lesson, the visitor should review their notes
and circle or highlight a rubric rating for the planned strategies based on their
observations.
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Instructions for visitors:

Use the rubric on the next page to identify a level of performance for the educator in each of

the rubric categories that align with the educator’s planned strategies and mark below the
appropriate level. (Note: If the educator did not plan to use strategies within a particular
category, please select N/A). If you feel the educator’s performance falls between two
performance levels (e.g., Approaching and Proficient), please indicate and explain why.

In the Notes/Justification section, please provide notes about specific teacher and student
actions related to the educator’s planned strategies from Module 3 during your visits. For
example, if the educator facilitates a class discussion about a correctly solved problem, note
the types of questions the educator is asking and the student responses.

Notes:
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First visit - Date/time:

strategy and the
mathematical validity of
their strategy when solving
problems.

[]v/a

Instructional strategy Level of Notes/justification
performance
Have students recognize and |:|Developing
generate multiple strategies DApproaching
for solving a problem or DProﬁcient
problem type. D N/A
Encourage students to |:|Developing
articulate the reasoning |:| Approaching
behind their choice of me ficient
strategy and the
mathematical validity of |:| N/A
their strategy when solving
problems.
[ |Developing
Have students compare .
Approachin,
different strategies for D ppf ) =
solving problems. |:|Pro icient
[ Nn/A
Second visit - Date/time:
Instructional strategy Level of Notes/justification
performance
Have students recognize and [Ipeveloping
generate multiple strategies |:|Approaching
for solving a problem or Dproﬁcient
problem type. DN /A
Encourage students to |:|Developing
articulate the reasoning DApproaching
behind their choice of Dproﬁcient

Have students compare
different strategies for
solving problems.

DDeveloping
DApproaching
[ ]proficient

[ In/A
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Visitation rubric. The educator demonstrated the following level of performance on each toolkit instructional strategy:

Instructional

strategy

Have students
recognize and
generate multiple
strategies for solving a
problem or problem

type.

Developing

The educator asks students to recognize
or generate at least two different
strategies for solving a problem or
problem type during the lesson. The
educator does not engage students in
thinking about the rationale behind each
strategy or the reasons why each
alternative strategy may be beneficial.

For example, the educator may ask
students to solve one quadratic equation by
factoring and another by completing the
square. The educator leads the class to
discuss each problem separately and does
not ask students to make connections
between the two solution strategies or to
describe the rationale for either strategy.

Approaching

The educator asks students to recognize
and generate at least two different
strategies for solving a problem or
problem type during the lesson. The
educator engages students in thinking
about the rationale behind each strategy
or the reasons why an alternative strategy
may be beneficial, but prompts are too
vague to support student understanding.

For example, the educator may ask
students to solve a word problem involving
a linear relationship between two quantities
in two ways: by graphing and by writing an
equation. Reflective questions may include
prompts such as, “What steps did you take
to create your graph?” or “Which strategy
was easier?” without prompting students to
consider the “why” - the mathematical
rationale or benefits behind each strategy.

Proficient

The educator asks students to recognize
and generate at least two different
strategies for solving a problem or
problem type during the lesson. The
educator uses specific reflective questions
to engage students in thinking about the
rationale behind each strategy or the
reasons why an alternative strategy may
be beneficial.

For example, the educator may ask
students to solve a system of equations once
by substitution and again by elimination.
Reflective questions may include prompts
such as, “What was your first step in each
solution strategy?” and “Is there anything
special about this problem that suggests
that one of these strategies is a ‘better’
idea?” The educator may make use of other
supports to guide student discussion, such
as sentence starters. (See Example 3.4 in the
practice guide for additional sample
prompts.)
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Instructional
strategy

Developing

Approaching

Proficient

Have students
compare different
strategies for solving
problems.

The educator does not have students
compare two or more strategies for
solving a particular algebra problem (or
problem type). The educator does not
facilitate student discussions (in whole
class, small groups, or pairs) that prompt
students to compare solution strategies
or consider their efficiency or
appropriateness for the situation.

For example, the educator may display two
or more strategies for solving a particular
algebra problem or problem type
individually. (In a lesson about systems of
equations, the educator might model the
substitution and elimination methods.)
However, the educator neither prompts
students to compare or contrast solution
strategies nor to make connections between
the solution strategies.

The educator has students discuss two or
more strategies for solving a particular
algebra problem (or problem type). The
educator uses relatively vague reflective
questions to prompt students to compare
the problems. Reflective questions are too
vague to support students to deeply
understand differences across solution
strategies or to consider the strategies’
efficiency or appropriateness for the
situation.

For example, reflective questions may
include prompts such as, “What do you
notice about these two problems?” or “What
did the solvers do?” without prompting for
more specific detail.

The educator has students discuss two or
more strategies for solving a particular
algebra problem (or problem type). The
educator supports effective discussion,
such as using specific reflective questions
to prompt students to deeply understand
differences across solution strategies or to
consider the strategies’ efficiency and
appropriateness for the situation.

For example, reflective questions may
include prompts such as, “What similarities
and differences do you notice between the
two solution strategies? What connections
do you see? Will both strategies always
work? Why or why not?” The educator may
make use of other supports to guide student
discussion, such as sentence starters.
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Instructional
strategy

Developing

Approaching

Proficient

Encourage students to
articulate the
reasoning behind
their choice of
strategy and the
mathematical validity
of their strategy when
solving problems.

The educator asks students to choose a
problem-solving strategy for a particular
problem type. The educator does not
have students describe the reasoning
behind their choice of strategy or the
mathematical validity of their strategy
verbally or in writing.

For example, the educator may ask
students to solve a few different quadratic
equations using either factoring,
completing the square, or the quadratic
formula. The educator does not prompt
students to provide a rationale behind their
choice of strategy.

The educator asks students to choose a
problem-solving strategy for a particular
problem type. The educator asks students
to describe the reasoning behind their
choice of strategy or the mathematical
validity of their strategy. Reflective
questions are too vague to support
students’ understanding of the efficiency
or appropriateness of their strategy
choice.

Reflective questions include prompts such
as, “Which strategy did you choose?” or
“Did you use the same strategy for all
problems?” without prompting for students’
reasoning.

The educator asks students to choose a
problem-solving strategy for a particular
problem type. The educator asks students
to describe the reasoning behind their
choice of strategy or the mathematical
validity of their strategy. The educator
supports effective discussion, such as
using specific reflective questions to
prompt students to deeply understand
differences across solution strategies or to
consider the strategies’ efficiency and
appropriateness for the situation.

For example, the educator may ask
students to solve a few different systems of
equations using either substitution,
elimination, or graphing. Reflective
questions may include prompts such as,
“What did you notice first about each
problem’s structure? How did that influence
your choice of solution strategy? Which
strategy or strategies seemed to best fit each
problem, and why?”
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@ Appendix D3 - Module 3 Student survey

Educators, this survey is designed to help you assess your students’ perception of:

e How the instructional strategies used during Module 3 improved their math ability and
learning.

e Their engagement and mindset in math class.

The first part of the survey asks questions about
students’ math learning in relation to instructional | The survey can help you answer
strategies from Module 3. The survey is organized so | questions such as:

that educators can select and administer specific e How do my students perceive the
items that are relevant to the instructional strategies instructional strategies affecting
being implemented within Module 3. For example, their math ability?

if you decide to implement the instructional strategy
in Module 3 focused on having students articulate
the reasoning behind their choice of strategy, you
should use the specific items associated with
articulating the reasoning behind their choice of
strategy for Module 3.

e To what extent do my students
believe the instructional strategies
have increased their
understanding in algebra class?

In addition, the survey includes a section titled Math Class Engagement, designed to offer
insight into students’ mindsets and engagement. This section of the survey is not aligned to
the content of any particular module, so it could be used during any or all of the modules.

To implement the student survey, we recommend having students complete the survey items
or section(s) as an exit ticket or cooldown after you have implemented the instructional
strategies as planned. Alternatively, you could assign the survey items or section(s) to your
students before and after implementing the instructional strategies to compare the results and
gauge whether your use of the instructional strategies influenced students’ perceptions of
how the strategies have affected their math ability, math engagement, or both.

Each survey section (part 1 and part 2) has been designed to take about five minutes to
complete. To collect the most accurate student data, we recommend having students answer
individually and anonymously, as well as informing them about how you plan to use their
responses.
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e

Student survey part 1: Math learning (Module 3)

This survey will provide important information to your teacher about
your experiences using different solution strategies when solving
problems in math class.

For each statement, circle the answer that best fits what you think or
feel. There are no wrong answers, and this survey will not be graded.

Circle the answer that best indicates your level of agreement with the following

statements about your experiences in math class during the last month.

Recognize and generate strategies for solving problems

similar problems.

I can identify more than one solution Strongly | Somewhat | Somewhat | Strongly Iam
strategy to solve an algebra problem. disagree disagree agree agree unsure
I can generate more than one solution Strongly | Somewhat | Somewhat | Strongly Iam
strategy to solve an algebra problem. disagree disagree agree agree unsure
I can recognize how other peop%e h,a ve Strongly | Somewhat | Somewhat | Strongly Iam
solved an algebra problem that is different disacree disacree aeree doree unsure
from how I solved the problem. gr g & gr
I think recognizing how other people have
solved an algebra problem helps me Strongly | Somewhat | Somewhat | Strongly Iam
understand how to solve similar algebra disagree disagree agree agree unsure
problems.
Articulate the reasoning behind choice of solution strategy
I can explain why the method I used to solve Strongly | Somewhat | Somewhat | Strongly Iam
an algebra problem works. disagree disagree agree agree unsure
I can explain why I selected a particular Strongly | Somewhat | Somewhat | Strongly Iam
method to solve an algebra problem. disagree disagree agree agree unsure
I think explaining why the method I used to
solve an algebra problem works and why I Strongly | Somewhat | Somewhat | Strongly Iam
selected it helps me understand similar disagree disagree agree agree unsure
problems.
Evaluate and compare different strategies for solving problems
I can compare the similarities in different Strongly | Somewhat | Somewhat | Strongly Iam
solution strategies to an algebra problem. disagree disagree agree agree unsure
I he diffe

Fan compare.t edi ere.nces between Strongly | Somewhat | Somewhat | Strongly Iam
different solution strategies to an algebra . .

disagree disagree agree agree unsure

problem.
I think comparing similarities and
differences of different solution strategies to Strongly | Somewhat | Somewhat | Strongly Iam
an algebra problem helps me understand disagree disagree agree agree unsure
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Student survey part 2: Math class engagement

This survey provides important information to your teacher on how
you feel about your math class overall. For each statement, circle the
answer that best fits how you think or feel. There are no wrong
answers and this survey will not be graded.

Please indicate the extent to which you agree or disagree with the following:

Growth mindset
I want to improve in math class. Strongly | Somewhat | Somewhat | Strongly Iam
disagree disagree agree agree unsure
It is important for me to not give up in math Strongly | Somewhat | Somewhat | Strongly Iam
class. disagree disagree agree agree unsure
Making mistakes in math class is part of my Strongly | Somewhat | Somewhat | Strongly Iam
learning process. disagree disagree agree agree unsure
With hard work and perseverance, I can Strongly | Somewhat | Somewhat | Strongly Iam
eventually understand the math concepts. disagree disagree agree agree unsure
Inquiry
It is important to ask questions in math class Strongly | Somewhat | Somewhat | Strongly Iam
in order to understand the concepts. disagree disagree agree agree unsure
I am comfortable asking questions in math Strongly | Somewhat | Somewhat | Strongly Iam
class. disagree disagree agree agree unsure
Engagement
I am comfortable participating in group or Strongly | Somewhat | Somewhat | Strongly Iam
class discussions while in math class. disagree disagree agree agree unsure
I think that what we are learning in math Strongly | Somewhat | Somewhat | Strongly Iam
class is interesting. disagree disagree agree agree unsure
When I am in math class, I listen carefully. Strongly | Somewhat | Somewhat | Strongly Iam
disagree disagree agree agree unsure
I enjoy learning new things in class. Strongly | Somewhat | Somewhat | Strongly Iam
disagree disagree agree agree unsure
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@ Appendix D4 - Module 3 student knowledge assessment tool

Educators, this tool is designed to provide you with:

e Sample rubrics to help assess student mastery of the content as you implemented
instructional strategies associated with the recommendation.

e Templates for implementing rubrics in your classroom with suggestions for math
problems and student questions aligned with each rubric. The version of the template you
can customize® is available for download on the Algebra Toolkit website.

How to use the tool

The knowledge assessment tool is organized so that

educators can select, adapt, or administer the This tf)OI can help you answer the
rubrics that are relevant to the instructional question:

strategies being implemented within Module 3. For e To what extent have my students
example, if you decide to implement the mastered algebra content while I
instructional strategy in Module 3 focused on implemented instructional
recognizing and generating strategies for solving strategies associated with the
problems, you should use the “recognize and recommendation?

generate strategies for solving problems” rubric for

Module 3.

Important context for the tool

e You may wish to draw inspiration from the practice guide, Teaching Strategies for
Improving Algebra Knowledge in Middle and High School Students.* Pages 26-34 include
examples of problems that you could use for each recommended instructional strategy.

e The sample rubrics include descriptions of student responses that align with student
proficiency (i.e., the skills required to show mastery of the associated instructional
strategy) and distinguished responses (i.e., skills that go above and beyond mastery of the
associated instructional strategy).

e You can use the sample rubrics with an exit ticket or formative assessment for individual
students.

e You can also use the sample rubrics as observational rubrics during cooperative work time
or to assess written products of group work.

13 https://ies.ed.gov/ncee/rel/algebra-middle-and-high-school/doc/Module _3_Student Knowledge Assessment Tool.docx
4 https://ies.ed.gov/ncee/wwc/Docs/PracticeGuide/ WWC_Algebra PG Revised 02022018.pdf#page=32
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e The sample rubrics are intended as a starting point to assess student mastery. We
recognize you may need to adjust the language used to meet the needs of your classroom

and students.

Implementing the tool in your classroom

e Instructions for educators are included in red, italicized font enclosed in brackets within
each template. We recommend providing the white boxes—with the indicated problems
and student questions—to students, but remove the red, italicized text in brackets. In its
place, insert an algebra problem or sentence stem, or customize the questions, as the red,

italicized bracketed text instructs. We encourage you to also provide the rubrics to students

if they are accustomed to using rubrics to guide their understanding of the work they
should produce.
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Templates for assessing Recommendation 3: Teach students to recognize and generate strategies for solving

problems.
Instructional strategy

Teach students to
recognize and generate
strategies for solving
problems.

Developing

The student recognizes or
generates one solution
strategy for the problem.

Approaching

The student recognizes two
solution strategies for the
problem.

Proficient

The student generates at least
two solution strategies.

Distinguished

The student generates two or
more solution strategies and
identifies why one may be a
better choice for the given
situation, using precise
mathematical language.

solution strategy.

Recognize or generate solution strategies

[Instructions for educators: Insert a problem and ask
students to answer the problem with more than one

(See Example 3.1, page 28, in the practice guide for
examples of problems with multiple solution strategies.)]

Please complete the directions and questions below.

1. Solve the problem using at least two solution strategies.

2. Describe each solution strategy you generated, using precise math language when

possible.

3. Which solution strategy may be a better choice for this problem? Why?
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Templates for assessing Recommendation 3: Encourage students to articulate the reasoning behind their choice

of strategy and the mathematical validity of their strategy when solving problems.

Instructional strategy

Encourage students to
articulate the reasoning
behind their choice of
strategy and the
mathematical validity of
their strategy when
solving problems.

Developing

The student solves a problem
but struggles to describe their
reasoning.

Approaching

The student solves a problem
and describes their reasoning
OR describes why the strategy
is a good choice for the given
situation.

Proficient

The student solves a problem,
describes their reasoning,
AND describes why the
strategy is a good choice for
the given situation, using
precise mathematical
language.

Distinguished

The student generates two or
more solution strategies and
identifies why one may be a
better choice for the given
situation, using precise
mathematical language.

Articulating reasoning behind strategy solutions

See Example 3.5 or 3.6, pages 31 and 32, in the practice guide for
examples of problems with multiple solution strategies.)]

Please complete the directions and questions below.
[Instructions for educators: Insert a math problem associated with | {_
the current lesson, chapter, or unit.

Solve the problem using at least one solution strategy.

2. Describe why you used this strategy and how you know your answer is correct,
using precise math language when possible.

3. Can you think of a different strategy you could use to solve the problem? If so,
demonstrate that solution strategy below. Which solution strategy may be a
better choice for this problem? Why?
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Templates for assessing Recommendation 3: Have students evaluate and compare different strategies for solving

problems.

Have students evaluate
and compare different
strategies for solving
problems.

The student struggles to
identify similarities and
differences between at least
two solution strategies.

The student identifies
similarities and differences
between at least two solution
strategies.

The student identifies similarities
and differences between at least
two solution strategies and
provides a rationale for using a
given solution strategy given the
situation, using precise
mathematical language.

The student generates
two or more solution
strategies and identifies
why one may be a better
choice for the given
situation, using precise
mathematical language.

mastery).

Recognize or generate solution strategies

[Instructions for educators: Insert a problem and ask students to 1.
answer the problem with more than one solution strategy (to allow
students to demonstrate distinguished mastery). Otherwise,
provide students with at least two solution strategies to compare
(which allows students to demonstrate, at most, proficient

See Example 3.5 or 3.6, pages 31 and 32, in the practice guide for 5
examples of problems with multiple solution strategies.)] ’

Please complete the directions and questions below.

[Instructions for educators: Only include this question if assessing distinguished
mastery.] Solve the problem using at least two solution strategies.

Describe the similarities and differences between each solution strategy, using
precise math language when possible.

3. Which solution strategy may be a better choice for this problem? Why?
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Appendix E - Common strategies for common algebra topics

Appendix E1 - Strategies for simplifying or solving algebraic expressions or equations

Solution via conventional method

Evaluate 2a+4b—T7a+2b—-8a if a=1and b=7.

Solution via alternative method

Notes on difference and rationale for choice

Substitute immediately
2a+4b—-"Ta+2b-8a
2 +4(7) -7 +2(7)-8(1)
2+28-T7+14-8
29

Combine like terms before substituting
2a+4b—-"Ta+2b-8a
—13a +6b
—13(1) + 6(7)

29

Students may default to substituting values into the
expression immediately. However, in this case, if they
simplify by combining like terms first, they end up with
an easier computation. Substituting after simplifying
results in fewer opportunities for computational errors.

Our restaurant bill, including tax but before tip, was $16.00. If we wanted to leave exactly 15 percent tip, how much money should we leave in total?

Multiplication and addition with
decimals

16.00*%0.15 =2.40
$16.00 + $2.40 = §18.40

Mental math

10 percent of $16.00 is $1.60, and half of
$1.60 is $0.80, which totals $2.40, so the
total bill with tip would be $16.00 + $2.40 or
$18.40.

Mental math may be an efficient and accessible
alternative strategy when a problem uses “round”
numbers, such as in this example. Standard
multiplication using decimals may be more appropriate
if the amount is not easily partitioned into manageable
pieces (for example, if this example had a total bill of
$13.75 and a 17 percent tip).

Solve for x: 3(x+1) =15

Use the distributive property first
3(x+1) =15
3x+3=15
3x=12
x=4

Divide by coefficient first
3(x+1) =15
x+1=35
x=4

Students often apply the distributive property as a first
step whenever they see parentheses in an equation. In
this case, if they identify the opportunity to divide both
sides of the equation by the coefficient first, they end
up with smaller numbers and save a step in the solution
process, yielding a more efficient solution strategy.
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Solution via conventional method

Solve for x: 7(x —2) =3(x—2)+16

Solution via alternative method

Notes on difference and rationale for choice

Use the distributive property first
7(x—2)=3(x—-2)+16

Tx-14=3x-6+16

Tx-14=3x+10
4x-14=10
4x =24
x=6

Combine like terms before distributing
7(x—2)=3(x—-2)+16
4(x—2)=16
x-2=4
x=6

Again, seeing parentheses often leads students to
immediately apply the distributive property. In this
case, if they recognize the common term within the
parentheses, they may identify an opportunity to
combine like terms, yielding a more efficient solution
strategy.
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Appendix E2 - Strategies for solving systems of linear equations

Comparing graphing with algebraic solution strategies

Problem

Solve the system of equations:

5x+10y =60

x+y=8

Solution strategy 1

Graph using x- and y-intercepts

Notes about strategy

Solution steps

Graph: 5x+10y = 60 . The x-intercept is (12, 0) and the y-intercept (O, 6).

Next, graph x+ y = 8. The x-intercept is (8, 0) and the y-intercept (0, 8).

The point of intersection, the solution, is (4, 4).

3\9 10 A N

The x- and y-intercepts are integers
and easy to find in these two
equations, so graphing by hand is
relatively easy to do. And if the point
of intersection has integer
coefficients, this method might be a
good strategy to use.
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Solution strategy 2

Substitution

Notes about strategy

Solution steps

x+y=28
y=8—x
5x+10(8 - x) = 60
5x+80-10x =60
80-5x =60
20 =5x
x=4

4+y=8
y=4

So, the solution to this system of
equations is (4, 4).

Solve the second equation for y.

Substitute this value for y into the first
equation and solve for x.

Substitute this value for x into the first
equation to find y.

Because one of the equations in this
system is easily transformed into the
form of “ Y = ~, it makes sense to use

the substitution strategy.
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Comparing graphing with algebraic solution strategies

Problem Solve the system of equations:
3
y=8-—x
5
1
y=-3+—x
2
Solution strategy 1 | Graph using y-intercept and slope Notes about strategy

Solution steps

The point of intersection, the solution, is (10, 2).

Because both equations are in a form

of “y =mx+b7”, it is relatively easy to

use the y-intercepts and slopes to
graph these. Once graphed, the point
of intersection is also easy to see.
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Solution strategy 2 | Properties of equality Notes about strategy

3 1 Set the two equations equal to each other | Because both equations are in the
8__x:3+_x « —» s
5 5 and solve for x. form of “ Y =7, it would be logical to
L3 set the two expressions that are equal
1l=—x+—x to y equal to each other and solve for
2 5 x.
11
11=—x
10
10=x
1 Substitute into the first (or second)
y=-3+—(10) .
D) equation and solve for y.
y=2

So, the solution to this system of
equations is (10, 2).
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Comparing algebraic solution strategies

Problem Solve the system of equations:
5x+10y =60
x+y=8

Recommended Substitution

solution strategy

Solution steps x+y=38 Solve the second equation for y.
y=8-x
5x+10(8 —x) = 60 Substitute this value for y into the first equation and solve for x.

5x+80-10x =60
80-5x=1060
20 =5x
x=4

4+y=8 Substitute this value for x into the second equation and solve for y.
y=4

So, the solution to this system of
equations is (4, 4).

Notes about Because one of the equations in this system is easily transformed into the form of “ ¥ = ”, it makes sense to use the substitution
strategies strategy.
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Comparing algebraic solution strategies

Problem Solve the system of equations:
y=20-4x
y=-2+7x

Recommended Properties of equality

solution strategy

Solution steps 20-4x=-2+Tx Set the two equations equal to each other and solve for x.
20=-2+11x
22=1lx
2=x
y=-2+7(2) Substitute into the first (or second) equation and solve for y.
y=12
So, the solution to this system of
equations is (2, 12).

Notes about Because both equations are in the formof “ Yy =~

, it would be logical to set the two expressions that are equal to y equal to each
strategies other and solve for x.
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Comparing algebraic solution strategies

solution strategy

Problem Solve the system of equations:
2x+3y =6
x-3y=9

Recommended Elimination

Solution steps

2x+3y=6
x-3y=9
3x=15

x=5

25)+3y =6

So, the solution to this system of

L 4
equations is (5,——).
3

Add the two equations to eliminate the y term.

Solve the resulting equation for x.

Substitute this value for x into the first (or second) equation and solve for y.

Notes about
strategies

Because 3y is added to the x-term in one equation and subtracted from the x-term in the other equation, the strategy of

elimination may be a natural fit for this system.
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Appendix E3 - Strategies for solving quadratic equations

(Solution strategy) Solution steps Notes about strategies

X —x—-12=0 X —x-12=0 Factoring is often done by guessing and checking, which can be time

consuming, depending on the problem. Additionally, it does not always

(Factoring) (x+3)(x-4)=0 work because not all quadratic expressions over the real numbers can be
x==-3 x=4 factored over the real numbers.
2% —4x—16 =0 2% —4x—16 =0 Graphing can be done by hand or by using technology, and the choice
might depend on such things as whether the intercepts are known to be

(Graph and find X . . .
. y integers or irrational numbers. In general, when graphing by hand, the
intercepts) . . .

-2 0 intercepts will be estimates.

1 10 In this case, by creating a table of values, we can easily identify the x-

0 -16 intercepts because they occur at integer values.

1 -18

2 -16

3 -10

4 0]

5
( -w)\ (I.H)/

So, the solutions are X =-2 and x=4.
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(Solution strategy) Solution steps Notes about strategies
0=x2+4x=5 0=x>+4x—=5 This strategy always works, though it might be cumbersome. Although
completing the square may be a relatively complex algebraic process,
2
(Complete the square) S=a +4x this method is very useful in helping students notice the mathematical
5_4-=x+4x—4 structure that unites quadratic equations with squared quantities.
1=x’+4x—4
1=(x—-2)°
1=|x-2]
tl=x-2
I=x-2 -1=x-2
x=3 x=1
(x+7)* =25 (x+7) =25 As with completing the square, awareness of this strategy can reinforce
(Take the square root) et 7]= 5 the structure of quadratics. The steps taken in this strategy parallel a
X =
subset of the steps used to complete the square.
x+7=425
x+7=35 x+7=-5
X = —2 X = _12
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—b+/b* —4ac

X =

2a
—T 17" —4(2)(6)
x:
2(2)
-7+1
X =
4
-7-1 -7+1
X=— X =
4 4
-8 6 -3
x:—:—2 X=—=—
4 4 2

(Solution strategy) Solution steps Notes about strategies
2%x> +7x+6=0 2% +7x+6=0 Structurally, awareness of the connection between the quadratic
. formula and the completing the square method is key. The quadratic
(Use the quadratic > +bx+e=0 . , )
formula) formula applies to an equation of the form a” + bx +c = 0. When

equations are presented in a different form, it is necessary to decide

whether to rewrite the equation in this form or use a different strategy.
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